
MVE055-EXAM-NOTES
Lukas Rahmn
Probability(

n

r

)
=

n!

r!(n−r)!
P [A1∪A2]=P [A1]+P [A2]−P [A1∩A2]

P [A2|A2]=
P [A1∩A2]

P [A1]

P [Aj |B]=
P [B|Aj ]P [Aj ]∑n
i=1 P [B|Ai]P [Ai]

Series
∞∑
k=1

ark−1=
a

1−r
|r|<1

n∑
k=1

ark−1=
a(1−rn)

1−r

Arithmetic Series: Sn=
n(a1+an)

2
Expectancy & Variance

E[H(X)]=
∑
x∈X

H(x)f(f)

E[H(X)]=

∫ ∞
−∞

H(x)f(x)dx

E[c]=c, E[cX]=cE[X]

E[X+Y ]=E[X]+E[Y ]

E[XY ]=E[X]E[Y ]iff indepentent

σ2=V ar[X]=E[(X−µ)2]=E[X2]−E[X]2

V ar[c]=0, V ar[cX]=c2V ar[X]

V ar[aX+bY ]=a2V ar[X]+b2V ar[Y ]+

abCov(X,Y )

Cov(X,Y )=E[(X−µx)(Y−µy)]

Cov(X,Y )=E[XY ]−E[X]E[Y ]
Moment generating functions

mX(t)=E[etX ]

dkmX(t)

dtk

∣∣∣∣
t=0

=E[Xk]

Y=X1+. . . Xn⇐⇒my(t)=mx1(t)∗. . .mxn(t)

Y=α+βX→mY (t)=eαtmX(βt)
Discrete distributions
X∼Geo(p)→Fx(t)=1−(1−p)floor(t)

P [X>x]=1−P [X≤x]=1−FX(x)=
∑
x∈X

f(x)

fX(t)=FX(t)−FX(t−1)
Continuous distributions∫ ∞

−∞
fX(x)dx=1

P [a≤X≤b]=
∫ b

a

fX(x)dx

P [X=x]=0

P [X≥x]=1−P [X≤x]=1−FX(x)

FX(t)=

∫ t

−∞
fX(x)dx

fX(x)=
dFX(x)

dx
Continuity correction

Discrete Continuous
P [X=x] P [x−0.5<X<x+0.5]
P [X≤x] P [X<x+0.5]
P [X<x] P [X<x−0.5]
P [X≥x] P [X<x−0.5]
P [X>x] P [X<x+0.5]

Chebyshev’s inequality

P [|X−µ|≥ε]≤σ
2

ε2

P [|X−µ|<ε]>1−σ
2

ε2

ε=kσ→P [|X−µ|<kσ]≤1− 1

k2

Joint Distributions
fXY =

∑
x∈X

∑
y∈Y

fXY (x, y)=1

fX(x)=
∑
y∈Y

fXY (x, y)

fY (y)=
∑
x∈X

fXY (x, y)

fXY =

∫ ∞
−∞

∫ ∞
−∞

fXY (x, y)dxdy=1

fX(x)=

∫ ∞
−∞

fXY (x, y)dy

fY (y)=

∫ ∞
−∞

fXY (x, y)dx

fXY (x, y)=fX(x)fY (y) iff indepentent

E[H(X,Y )]=

∫ ∞
−∞

∫ ∞
−∞

H(x, y)f(x, y)dxdy

E[XY ]=E[H(X,Y )], H(X,Y )=X∗Y

E[X]=

∫ ∞
−∞

∫ ∞
−∞

xfXY (x, y)dxdy

E[Y ]=

∫ ∞
−∞

∫ ∞
−∞

yfXY (x, y)dxdy

ρXY =
Cov(X,Y )√
V ar[X]V ar[Y ]

Sample statistics

X̄=

n∑
i=1

Xi

n

Median:P [X≤m]=P [X≥m]=
1

2

S2=

n∑
i=1

(Xi−X̄)2

n−1

=
n
∑n
i=1X

2
i −(

∑n
i=1Xi)

2

n(n−1))

σ∼(estimated range)/4, normal

σ∼(estimated range)/6, unkown

Unbiased: E[θ̂]=θ

V ar[X̄]=
σ2

2
Confidence interval

(n−1)S2/σ2=

n∑
i=1

(Xi−X̄)2/σ2

∼chi−squared(n−1)

Z√
χ2
γ/γ
∼Tγ ,

X̄−µ√
S2/n

∼T(n−1)

σ2∈

[
(n−1)S2

χ2
α/2

,
(n−1)S2

χ2
1−α/2

]
General: find P [−D(α/2)≤C≤D(α/2)]

σ2 known, x̄±Z(α/2)σ
√
n,Z∼N(0, 1)

σ2 unknown, x̄±tα/2S/
√
n

n=
(Zα/2)2σ2

d2
, n=

(Zα/2)2σ̂2

d2

Central limit theorem
For a sample of size n from distribution

with mean µ Variance σ2, when n is large X̄
is approximately normal with mean µ Vari-
ance σ2/n.
Hypothesis testing

α=P [”type 1 error”]=P [”reject H0”|H0]

β=P [”type 2 error”]=P [”fail reject H0”|Hc
0 ]

”Power of test”=1−β
Non parametric methods

Sign-test: Calculate median M on the
sample of n. Then calculate Xi−M forxi∈
X. Let Q+ denote the number of positive
differences. Q+∼Bin(n, 1

2 ). Zeros are as-
signed two the sign that supports H0

Wilcoxon rank-test: As befor calculate M
and Xi−M order the list of differences from
least to greatest. Number them 1 to N
where 1 is the smalest difference. For equal
difference assign the mean rank to each of
them. Let W+ denote the sum of pos-
itive ranks and W− the negative ranks.
W=min(W+,W−) Lookup w in table or use
normal approximation. This test can also
be used for paired data, then use Xi−Yi in-
stead of Xi−Mx

E[W ]=
n(n+1)

4
, V ar[W ]=

n(n+1)(2n+1)

24

α=W≤c or W≥C,C=
n(n+1)

2
−c

W=

n∑
j=1

RjIj ,max W→Ij=1.

Wilcoxon rank-sum test: Given two sam-
ples X1, X2, ..., Xn and y1, y2, ..., ym, m≤n
pool them and order them from smalest
to largest. Assign ranks from 1 to N+M,
draws are each assigned the average rank.
Let Wm= the sum of all ranks beloning to y,
the smaller sample. Let c denote the lower
critical boundry left tailed tests and C the
upper boundry. c is given i given in the
table.

C=m(m+n+1)−c

E[Wm]=
m(m+n+1)

2

V ar[Wm]=
mn(m+n+1)

12
Propotions

p̂=
X

n
, p̂±Zα/2

√
p̂(1−p̂)/n

n=
Z2
α/2p̂(1−p̂)

d2
, p̂ estimate known

n=
Z2
α/2

4d2
, estimate unknown

T=
p̂−p0√

p0(1−p0)/n

̂p1−p2=
X1

n1
−X2

n2

̂p1−p2±Zα/2

√
p̂1(1−p̂1)

n1
+
p̂2(1−p̂2)

n2

When: p1=p2, p̂p=
n1p1+n2p2

n1+n2

T=
p̂1−p̂2

p̂p(1−p̂p)(1/n1+1/n2)

n=Z2
α/2

p̂1(1−p̂2)+p̂2(1−p̂2)

d2

1



n=
Z2
α/2

2d2

Comparing meanŝµ1−µ2=X̄1+X̄2∼N(µ1−µ2, σ
2
1+σ2

2)

χ2
γ1/γ1

χ2
γ2/γ2

∼Fγ1,γ2 ,
S2

1

S2
2

∼Fn1−1,n2−1

S2
p=

(n1−1)S2
1+(n2−1)S2

2

n1+n2−2

Comparing means:

Variance known:

T=
X̄1−X̄2−(µ1−µ2)√

(σ2
1/n1+σ2

2/n2)
∼N(µ1−µ2, σ

2
1+σ2

2)

Variance unknown:

σ2
1=σ2

2 , T=
X̄1−X̄2−(µ1−µ2)√
S2
p(1/n1+1/n2)

∼Tn1+n2−2

σ2
1 6=σ2

2 , T=
X̄1−X̄2−(µ1−µ2)√

(S2
1/n1+S2

2/n2)
∼Tγ

γ=
(S2

1/n1+S2
2/n2)2

(S2
1/n1)2

n1−1 +
(S2

2/n2)2

n2−1

Linear regression

µY |x=β0+β1x, Y |xi=β0+β1xi+Ei

Ei∼N(0, σ2), Y |x∼N(µY |x, σ
2)

SSE=

n∑
i=1

e2
i=

n∑
i=1

(yi−b0−b1xi)2

Minimize SEE:
dSEE

db0
=−2

n∑
i=1

(yi−b0−b1xi)

dSEE

db1
=−2

n∑
i=1

(yi−b0−b1xi)xi

b1=
n
∑n
i=1 xiyi−(

∑n
x=i xi) (

∑n
i=1 yi)

n
∑n
i=1 x

2
i−(

∑n
i=1 xi)

2

b0=ȳ−b1x̄, Yi∼N(β0+β1xi, σ
2)

Sxx=
∑

(xi−x̄)2, Syy=
∑

(Yi−Ȳ )2

Sxx=
n
∑
x2
i−(

∑
xi)

2

n
=
∑

x2
i−nx̄2

Sxy=(xi−x̄)(Yi−Ȳ )=
∑

(xi−x̄)Yi

Sxy=
(n
∑
xiYi−

∑
xi
∑
Yi)

n

b1=
Sxy
Sxx

=

∑
(xi−x̄)Yi
Sxx

=c1Y1+· · ·+cnYn

cj=
(xj−x̄)Yj
Sxx

, b1∼N
(
β1,

σ2

Sxx

)
b0∼N

(
β0,

∑
x2
i

nSxx
σ2

)

S2=σ̂2=
SEE

n−2
=Syy−Sxxb21

Tn−2=
b1−β0

1

S/
√
Sxx

, b1±tα/2S/
√
Sxx

Tn−2=
b0−β0

0(
S
√∑

x2

√
nSxx

) , b0±tα/2S
√∑

x2

nSxx

µ̂Y |x∼N
(
µ, σ2

[
1

n
+

(x−x̄)2

Sxx

])

µ̂Y |x±tα/2S

√
1

n
+

(x−x̄2)

Sxx

(Ŷ |x−Y |x)=(µ̂Y |x−Y |x)

(Ŷ |x−Y |x)∼N
(

0, σ2

[
1+

1

n
+

(x−x̄)2

Sxx

])
Tn−2=

Ŷ |x−Y |x

S
√

1+ 1
n+ (x−x̄)2

Sxx

Ŷ |x±tα/2S

√
1+

1

n
+

(x−x̄2)

Sxx
Partial integration∫

u(x)v′(x)dx=u(x)v(x)−
∫
u′(x)v(x)dx

Name density def mgf µ σ2

Gemetric (1−p)x−1p x≥1 pet

1−qet p−1 qp−2

Uniform 1
n x=x1 . . . xn

∑n
i=1 e

tx

n

∑n
i=1 xi
n

∑n
i=1 x

2
i

n −
(∑n

i=1 xi
n

)2

Binomial
(
n
x

)
px(1−p)n−x x=0, 1 . . . , n (q+pet)n np np(1−p)

Poisson e−kkx

x! x=0, 1, 2, . . . ek(ex−1) k k
Exponential 1

β e
−x/β x>0, β>0 (1−βt)−1 β β2

Uniform 1
b−a a<x<b etb−eta

t(b−a) , t6=0, 1, t=0 a+b
2

(b−a)2

12

Normal 1
σ
√

2π
exp

[
− 1

2

(
x−µ
σ

)2] −∞<x<∞ eµt+σ
2t2/2 µ σ2

Chi-squared 1
Γ(γ/2)2γ/2

xγ/2−1e−x/2 x>0 (1−2t)−γ/2 γ 2γ

2


